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Abstract. A hierarchical model of interacting quantum particles performing 
anharmonic oscillations is studied in the Euclidean approach, in which the lo- 
cal Gibbs states are constructed as measures on infinite dimensional spaces. 
The local states restricted to the subalgebra generated by fluctuations of dis- 
placements of particles are in the center of the study. They are described by 
means of the corresponding temperature Green (Matsubara) functions. The 
result of the paper is a theorem, which describes the critical point convergence 
of such Matsubara functions in the thermodynamic limit. 
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1. Introduction 

Let L be a countable set (lattice). With each I £ L we associate a quantum 
mechanical particle with one degree of freedom described by the momentum pi and 
displacement qi operators. The system of such particles which we consider in this 
article is described by the heuristic Hamiltonian 

i 

Here b > 0, a £ K and the sums run through the lattice L. The operators pi and qi 
satisfy the relation 

(1.2) [pi,qi]=pic\i-qipi = l/i, 
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and m = m phys /^ 2 is the reduced mass of the particle. Models like (f 1 . 1|> have been 
studied for many years, see e.g., [23 El]- They (and their simplified versions) are 
used as a base of models describing strong electron-electron correlations caused by 
the interaction of electrons with vibrating ions |14l I30| . 

Let C = {A„}„ e N , No = N U {0} be a sequence of finite subsets of L, which is 
ordered by inclusion and exhausts L. For every A„, let H\ n be a local Hamiltonian, 
corresponding to Ql.ip . In a standard way the Hamiltonians H An determine local 
Gibbs states 0/3, a„ . A phase transition in the model is connected with macro- 
scopic displacements of particles from their equilibrium positions q; = 0, I € L. To 
describe this phenomenon, one considers fluctuation operators 

and Matsubara functions 

(1.4) r«f' A "( Tl , . . . ,r 2k ) ^ g , An {q£ } exp (-(r 2 - n )H An ) ■ ■ ■ 

x exp (-(r 2 fc - T 2k -i)H An ) Q^j exp ((r 2 & - ti).HaJ} , k e N, 

with the arguments satisfying the condition < t\ < • • • < T^k < 0. In our model 
the interaction potential is taken to be 

(1.5) J w = J[d{l,l') + l}- 1 - 5 , J,S>0, 

where d(l, I') is a metric on L, determined by means of a hierarchical structure. 
The latter is a family of finite subsets of L, each of which belongs to a certain 
hierarchy level n £ No . This fact predetermines also our choice of the sequence C - 
the subsets A„ are to be the elements of the hierarchical structure, that is typical 
for proving scaling limits in hierarchical models (see e.g., ^2). We prove (Theorem 
12.21) that, for any 8 6 (0, 1/2), the parameters a £ R, b > and m > can be 
chosen in such a way that there will exist /?* > with the following properties: 

(a) if (3 — /?», for all k £ N, the functions i|1.4|) converge 

(1-6) T 2fc ( Tl ,..., T2fc) ^_^ y j , n^+oo 

uniformly with respect to their arguments; here J* > is a costant 
determined by the hierarchical structure; 

(b) if /3 < /3*, for all a > and fceN, the functions T^jf' ™ converge 
to zero in the same sense. 

The convergence of the functions l|1.4fl like in (|1.6fl but with a — 1 would correspond 
to the appearance of a long-range order, which destroys the Z 2 -symmetry. Thus, 
claim (a) describes a critical point where the fluctuations are abnormal (since a = 
5 > 0) but not strong enough to destroy the mentioned symmetry. Such fluctuations 
are classical (non-quantum), which follows from the fact that the limits l|1.6f> are 
independent of r. 

Due to the hierarchical structure the model (|l.l(l is self-similar. In translation 
invariant lattice models self-similarity appears at their critical points |27II28| . This, 
among others, is the reason why the critical point properties of hierarchical models 
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of classical statistical mechanics attract attention during the last three decades. An 
expository review of the results in this domain is given in |12| . 

In the model the oscillations are described by unbounded operators 1 . The 
same model was studied in our previous works |2 El El ■ I n [2] a preliminary study 
of the model was performed. A theorem describing the critical point convergence 
was announced in PJ. In jl] we have shown that the critical point of the model 
can be suppressed by strong quantum effects, which take place, in particular, 
when the mass m is less than a certain bound m* 2 . In the present paper we give 
a complete proof of the critical point convergence, which appears for sufficiently 
large values of the mass (see the discussion at the very end of this introduction). 
It should be pointed out that, to the best of our knowledge, our result is the first 
example of a theorem, which describes the convergence at the critical point of a 
nontrivial quantum model, published by this time. 

Let us outline the main aspects of the proof. By symmetry, the functions (|1.4|) 

are extended to 2"J fe , where 2p = [0, 0]. Then for x G L 2 (Ip), one sets 

(1.7) ^)( x ) = l + f^J- [ 2 T a 2 f- A -(T 1 ,...,r 2k )x(r 1 )---x(r 2k )dr 1 ---dr 2k , 

k=i Jx f 

and 

oo 

(1.8) log^Oc) = Tm / ^/' "(n, . • ,r a Wn) • ■ >x(n k )d Tl ■ ■ -dr 2k , 



which uniquely determines the Ursell functions U^^" ■ In terms of these functions 
our result may be formulated as follows: 

Jj 2k 



(1.9) ^ A,A "(n,r 2 )^/?-\ 

Vfc>l: U^ An (r 1 ,...,r 2k )^0, 



Vfc G N, < 0*, a > : £/ 2 a /' A "(n, . . . , r 2k ) — > 0, 

which holds uniformly with respect to the arguments Tj G Xp, j — 1, . . . ,2k as 
n — > +oo. Here we have set J — J», that can always be done by choosing an 
appropriate scale of 0. We prove (|1.9f) in the framework of the Euclidean approach 
in quantum statistical mechanics based on the representation of the functions (|1.4|) 
in the form of functional integrals. This approach was initiated in ^ I15j . its 
detailed description and an extended related bibliography may be found in In 
separate publications we are going to exploit our result, in particular, to construct 
self-similar Gibbs states (in the spirit of ^2 IS] where it was done for classical 
hierarchical models). 

The functions T^f' Arl , t/^ /3 ' A ", k £ N are continuous on X^ h , see jSJ- In view of 
our choice of the potential energy in l|l.l[) . the Ursell functions satisfy the sign rule 

(i.io) (-i)*- 1 t^ /s ' An (n,... ) 7 5fc )>0, 



for all k € N and (n, . . . ,r 2k ) G T 2k . We prove that the families {rjj. "} n eN 

■2k 



{C^2fc^' A ™}neN ! k G N are equicontinuous; hence, the convergence 1)1. 9fl can be 



1 Certain aspects of critical point behaviour of quantum hierarchical models with bounded 
(spin) operators were studied in 1201 . 

^Physical aspects of such quantum effects were analyzed in |7|. 
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proven by showing the convergence of U 2 



<5,/3«,A„ Tr a,/3,A 



' , as in l|1.9(l , and 



(1.11) 



U. 



a,/3,A n dcf 
2k ~ 



U. 



2k 



(n,.. . ,r 2 fc)dri • • -dr : 



2/v 



0, 



which has to hold for all k > 2, < /3*, and for a = 5 if /3 = /3*, and a > if 
/3 < Another fact which we employ here is also a consequence of the choice of 
the potential energy in (|1.1|) . By a version of the Lee- Yang theorem, the function 
/„ of a single complex variable defined in the vicinity of z — by the series 



(1.12) 



log f n (z) 



1 



fc 



, ja,P,A„ 2k 
] U 2k Z > 



can be extended to an even entire function of order less than two possessing imag- 
inary zeros only. This implies 

oo oo 

(1.13) f n (z) = U(l + cfz 2 ), 4 n) >4 n) >->0, E4" )<o °' 

yielding for the numbers (|1.11|) the following representation 

oo , 

U^ Kn =2(2fc-l)!(-l) fc - 1 X:[4" )1 



(1.14) 
by which, 
(1.15) 



fe G N, 



a, fS, An 
2k 



a,/3,A n I 
2fc 



< 2(2/5 -1)! 

< (2fc-l)! 



» 



fc-2 



oo 



> 2, 



» 



fc-i 



and hence 

(1.16) |W 2 Q /' A "| < {2k- l)!(2 1 - fc /3) 
< (2fc - l)!2 1 - fc Z/. 



a,/3,A„ 



U 



a,/3,A„ 



a,/3,A n 



kern, 



fc-2 



\u 



k G N. 



a,f3,A„ 



k > 2, 



a,P,A„ 



Then the convergence (ll.9|l follows from the corresponding convergence of J7 2 
and from the fact 

(1.17) W 5,/3.,A„ _^ Q 

The above arguments allow us to prove the convergence of an infinite number of 
sequences of functions by controlling just two sequences of numbers - {wn}neN 
and {U^" An } ne fq , where u n = /3 _1 W|'^' Aw . The sign rule (|1.1U|) and the repre- 
sentation (|1.14|) are proven in Lemmas 13.31 and 13.41 below by means of the lattice 
approximation technique [5]. Here the functions T^' 3 ' k G N, arc obtained as 
limits of moments of Gibbs measures of classical ferromagnetic </> 4 -models. This al- 
lows us to employ the corresponding properties of the </) 4 -models proven in |24| (the 
sign rule), |2] (a correlation inequality) and [23 (the Lee- Yang theorem). Then 



to controlling the sequences {u n } ne pf an d 



<5,/3„,A T 



}riGN we a Pply a version of 



the inductive method developed in ^| . The central role here is played by 
Lemma f4.ll It establishes the existence of j3* > such that, for j3 = /3* (respec- 
tively, for (3 < /3»), the sequence {u n }neN converges to one (respectively, to zero as 
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|A„| 5 ). The sequence {U^' n }„ e p( converges to zero in both cases. The latter 
fact is proven by constructing a converging to zero sequence of positive numbers 
{X n } n£No7 such that P~ 2 \U^ Arl \ < X n for all n € N and /?</?*. The proof of 
Lemma l4.1l is based on recurrent estimates ( Lemma 15. l|l yielding upper and lower 
bounds for u n and X n in terms of certain functions of and X n -\ . The analysis 
of these estimates shows that the simultaneous convergence u n — > 1 and X„ — > 
can be guaranteed if these sequences are confined to the intervals u n € (1,£>) and 
X n S (0,u>), where the parameters u > 1 and u? > depend on <5 and on the 
details of the hierarchical structure only and can be computed explicitly. Lemma 
15. H is proven by comparing solutions of certain differential equations, similarly as in 
1^3^21- Lemma l5~^l establishes the existence of P^ > 0, p~ < /3+ if P^-i do exist. 
These numbers are defined as follows: u n — v for p = /?+, and u n < v for (3 < 
u n = 1 for p = f3~, and u n < 1 for (3 < f3~. The proof of Lemma T5. 41 is carried out 
by means of the estimates obtained in Lemma l5.ll In Lemma 15.31 we prove that the 
parameters m, a and b can be chosen in such a way that /3 do exist. In Lemma 
15.51 we prove the existence of such that Vn G No : u n £ (1>^) f° r P = fl*> an d 
m„ — > as |A„| _<5 for The proof is based on the estimates obtained in 

Lemma |5. II In Lemma 13.51 we prove that all u n , n S No are continuous functions 
of /3 and describe certain useful properties of the Ursell functions t r ^**'' 5 ' A " (t, r'), 
n € No, implying e.g., the mentioned equicontinuity. 

The proof of Lemma 15.31 is based on the estimates of uq and Xq obtained in 
Lemma 15.21 In particular, we prove that 



1T17 2 
"36" 



1 3/3 

1 — exp 

nt7 



_ - g 
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where a < 0, 7 = \a\/b. Then for m7 2 > 36w, one gets uq > v for sufficiently large 
p. On the other hand, uq — > as p —> 0. Since uo depends on /3 continuously, this 
yields the existence of P^ . Furthermore, for fixed 7 and P, we show that Xq < bC 
with a certain fixed C > 0. This was used to provide Xq < w, and hence X n < w, 
n G N, for sufficiently small b > 0. Another upper bound of uo was obtained in 
It is well-known that the one particle Hamiltonian which stands in the square 
brackets in l|l.l[) has a pure point non-degenerate spectrum. Let E n , n € No be its 
eigenvalues and A = mh\ ne n{E n — E n -\). In 0] we proved that if mA 2 > 1, then 
Mo < 1 and hence u n — > for all p. In what follows, the critical point of the model 
exists if a < and the parameters m(|a|/6) 2 , 1/6 are big enough; such a point does 
not exist if 'the quantum rigidity' mA 2 (see [7]) is greater than 1. By Lemma 1.1 
of @], mA 2 - m-^C, C > as m — > 0, which means that small values of the mass 
prevent the system from criticality. 

2. Setup and the Theorem 

Like in j3J 0] we consider the hierarchical model defined on L = No- Given 
x e N\ {1}, we set 

(2.1) A n , s = {I e No I x n s < I < x n {s + 1) - 1}, s,ne N . 
Then for n € N, one has 

(2.2) A„, s = (J A„_ M , fc=l,2,...,n. 



6 



S. ALBEVERIO, YU. KONDRATIEV, A. KOZAK, AND YU. KOZITSKY 



The collection of families {A„ !S } s6 n , n £ No is called a hierarchical structure on 
L. Given /, /' G L, we set 

(2.3) n(l, I') = mm{n | 3A„, S : 1,1' € A„, s }, d(l, I') = K n ^ l "> - 1. 

The function (i : LxL^ [0, +oo) has the following property: any triple {li, I2, 13} C 
L contains two elements, say I1J2, such that d(li,ls) = d(l2,h)- Thus, d(l,l r ) is 
a metric on L. The interaction potential in our model has the form of 1)1. 5|l with 
the above metric d(l, I'). It is invariant under the transformations of L which leave 
d(l, I') unchanged. In view of this fact, it is convenient to choose the sequences C 
which determines the infinite-volume limit to be consisting of the sets \2.2\ only. 

A standard choice is the sequence of A„ o d = A„, n G No- 
The Hamiltonian ljl.lt may be rewritten in the form 



(2-4) tf = ^E"- (1+5) E E H + E 



1 ,2 , «2 



2^< + 2^ + ^ 



where 8 — J(l — x~( 1+s ^) > 0. The local Hamiltonians indexed by A n j are obtained 
from the above one by the corresponding truncation of the sums. For our purposes, 
it is convenient to write them recursively 




(2-5) H AnJ ^ H n>l = ( £ 1- I + £ *»-!.., 

seAi.i 

where the one particle Hamiltonian is 

(2-6) tf 0iJ = _L p a + o q a + 6q 4 

The canonical pair pi, qi, as well as the Hamiltonian Hq^, are defined in the complex 
Hilbert space Hi = L 2 (R) as unbounded operators, which are essentially self-adjoint 
on the dense domain Cg°(M). The Hamiltonian H n j, n G N is defined similarly but 
in the space H n ,t = L 2 (]R |A "' !| ). 

The local Gibbs state in A nj ; at a given temperature /3 _1 > is defined on (t n j 
- the C*-algebra of bounded operators on H n ,i, as follows 

(0 7\ (A\ trace (A exp (-/?ff n ,i)) 

(2-7) £>/3,A n ,,(A) = — , A££ n ,i. 

trace exp (—pH n j) 

In a standard way, it may be extended to unbounded operators such as qj' , I' G A„.f . 
The dynamics in A ni ; is described by the time automorphisms of 

(2.8) a l n j{A) = exp {itH n>l )A exp (-itH nA ) , t G K. 

For a measurable function ^4 : Rl A ™- ! l — > C, the multiplication operator A acts on 
r/> G 7Y„,z as 

(Aip)(x) = A(x)ip(x), iell A " J l. 
It appears that the linear span of the operators 

(40. fc eN, t u ...,t k eR, 

with all possible choices of k, t\, . . .t k and multiplication operators A\, . . . , A k G 
£,u is dense in the algebra in the cr-weak topology, in which the state (|2.7(l is 
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(2.13) r^' A (ti, . . . , rfe) = — — trace {.Ai exp (— (t2 — T\)H n i) 



continuous. Thus, this state is fully determined by temporal Green functions 
(2-9) G n l_ Ah {t t , ...,t k ) = Q P . An MnM^) ■ 

corresponding to all possible multiplication operators A\, . . . , A k € Set 

(2.10) V p k = {(t u ...,t k ) eC k | 0<Im(ii) < ...lm(t k ) < /?}. 

As was proven in Lemma 2.1 in every Green function (|2.9|) may be extended to 
a holomorphic function on T>^. This extension is continuous on the closure of T>^ 
and may be uniquely determined by its values on the set 

(2.11) £>£(0) ={(t l5 ..., t fc ) el>£ \Re(t j )=0, j = l,...,k}. 
The restriction of G^' A to 2?^ (0), i.e., the function 

(2.12) r M,...,Ak( Tl ' ■ ■ ■ ' Tfc ) = G Ax,...,^( ir i, ■ ■ - 

is the Matsubara function corresponding to the operators A\ , . . . , A}.. By 1)2. 7|l - 
(12.91) . it may be written 

.2 c \ 1 

_4, (ti, . . . ,r fe J = — 

x A 2 exp (-(r 3 - r 2 )H n j) . . . A k exp (-(/3 - r fc + Ti)i2„j)} ; 
Z n ,i d = trace {exp (-/3i2 r u)} • 
This representation immediately yields the 'KMS-periodicity' 

(2.14) rt,.,A, fa + tf, ... , r fc + 0) = (n, . . . , r k ), 

for every = [0, /3], where addition is of modulo /3. 

As was mentioned in the introduction, the phase transition in the model is con- 
nected with the appearance of macroscopic displacements of particles from their 
equilibrium positions q/ = 0, which occur when the fluctuations of such displace- 
ments become large. To describe them, we set (c.f., Q1.3fl ) 

( 2 - 15 ) ««.' = -7^=f E "'' = ^72 E 1"' 

vra^,, *" 7 2 viz, 

where {A„}„ e N is a sequence of positive numbers. The operators l are un- 
bounded, nevertheless, the corresponding Matsubara functions still possess almost 
all of those 'nice' properties which they have in the case of bounded operators. The 
next statement follows directly from Corollary 4.1 and Theorem 4.2 of 

Proposition 2.1. For every n G No and k E N, the functions T™'' ^ A are 
continuous on X| fe , they can be analytically continued to the domains T>^ k . 

The convergence of the sequence {r"'jj A }„gn with A„ = K~ n / 2 , to a 

nonzero limit would mean the appearance of the long range order caused by macro- 
scopic displacements of particles. The convergence with a slower decaying sequence 
{A n } corresponds to the presence of a critical point. 

Our model is described by the following parameters: 5 > 0, which determines 
the decay of the potential Ju>, see (|1.5|) : > 0, which determines its strength; the 
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mass m and the parameters of the potential energy a and b, see e.g., (f 1 . 1 1) . Since 
the choice of 8 determines only the scale of j3, we may set 

(2.16) 6 = k s - 1, 

which corresponds to the choice (see <|1.6[l ') 



J = J* ^ 



x s - 1 



1 -X- 1 -*' 

To simplify notations we write the operator l|2.15[l with A rl = yT nb l 2 as Q n ,i and 
(2-17) r#, Q ^(r 1 ,...,r 2k )=T^(T 1 ,...,T 2k ). 



Theorem 2.2. For the model ifTTT)) with 5 G (0, 1/2), one can choose the parameters 
a, b and m in such a way that there will exist (3* > 0, dependent on a, b, m, with 
the following properties: (a) if (3 — /3*, then for all k G N, the convergence 

(2.18) if^n,...,^)^^- 



k\2 k j3^ ' 

holds uniformly on (ti, . . . , T2fc) G 2"| fc ; f&j if P < P*, the functions T^jf ,n '', k G N 
defined by \l-4\j converge to zero in the same sense for all a > 0. 

3. Euclidean Representation 

In the Euclidean approach |S] the functions (|2.12l) corresponding to the multi- 
plication operators Ai, . . . , A2k, are written as follows 

(3.1) A (n, . . . ,T 2 k) = / Ai(w„.;(ri)) . . . A2k(Vn.l(T2k))Vn,l(duJ n ,l), 

Jn n , t 

where Q n ,i is the Banach space of real valued continuous periodic functions 

(3.2) Q n ,l = {uOn^l = (LUl>)l> e A n j I U>1> G f2}, 

tt = {lo g C(J,3 -► M) | w(0) = 
The probability measure 2/ ni ; is 

(3.3) z^ n ,z(do; n! i) = — — exp [-E n ,i{w n ,i)} Xn,l(^ w n,l), 



Z n ,i = / exp [-E n> i (cj n ,i)] Xn,l(duJ n ,l) ■ 
The functions E n j : Q, n j — > R are (c.f., (|2.5() 1 



seAi 



a- 1 



(3.4£ 0)S (w s ) = ^ ^^-K(r)] 2 +6[^(r)] 4 Jdr. 

We consider cj„ / as vectors (w n -fc.s)sGA fc t with A; = 1,2, ... ,n and write w s for w ,, 
The measure Xnl is 

(3.5) Xn,i( dw ",0 = x(d^s). 

seA„, 
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where \ is a Gaussian measure on J7o,s = ^- Let £ be the real Hilbert space L 2 (I^). 
Then the Banach space of continuous periodic functions f2 can be considered, up 
to embedding, as a subset off. The following family 

1 cos qr, q > 0; 

t: '' (,) 6<?(t) = ^ -^f Sinqr, q < 0; 

9 = 0. 

with q varying in the set 

(3.7) Q = { q \ q = — K , K e Z}, 

is a base of £ . Given g € Q, let P g be the orthonormal projection on e 9 . We 
define \ to be the Gaussian measure 3 on £ with zero mean and with the covariance 
operator 

(3.8) S = Y * P g . 

^ mq 2 + 1 ' 

One can show (see Lemma 2.2 of |H]) that the measure \ is concentrated on fl, 
i.e., x(ty = 1- O n t ne other hand, as follows from the Kuratowski theorem (see 
Theorem 3.9, page 21 of [221 ) 7 the Borel er-algebras of subsets of fi, generated by 
its own topology and by the topology induced from the Hilbert space £ , coincide. 
Hence, one can consider \ also as a measure on Q. As such one, it appears in the 
representation (|3.5|l . 

The fluctuation operator Q n ,i, defined by (|2.15|l with A„ = x~ nS / 2 is a multipli- 



cation operator by the function Q r 



,1 ■ 



|A„,,| 



(3.9) QnMn,l) = *- n(1+S)/2 ]T 6 = ^ (1+5)/2 E 

seA„ (I «eAi,i 

The representation (|3.1|l and the properties of the measures v n ,i, Xn,U X ( see Lemma 
2.3 and the whole section 2.2 of [S]) yield the following statement. 

Proposition 3.1. For every fixed (3 > 0, n, . . . , T2fc € 2^, £/ie Matsubara functions 
j2.1T}) continuously depend on m > 0, a S R and 6 > 0. 

Proposition 3.2. For aZ/n £ No and k e N, the functions \2. 1 7| ) ofeey t/ie estimates 



k 

(3.10) < r<? (ri, . . . , r 2fe ) < J] J] L 2 n) (r CT( 

a 1=1 

which hold for all n , . . . , T^k G ■ ifere </ie swm is taken over all possible partitions 
of the set {1, . . . , 2k} onto unordered pairs. 

The estimates (|3.10ll were proven in |S] as Theorems 6.2 (positivity) and 6.4 
(Gaussian upper bound). 



For a topological space, 'measure defined on the space' means that the measure is defined on 
its Borel cr-algebra. 
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Since to prove our theorem we need the Matsubara functions corresponding 
to the operators Q n ,i only, we may restrict our study to the measures describing 
distributions of Q n ,i given by l|3.9|> . For n G No and a Borel subset C C fi, let 

b c = {u>n,i e n nd | x -"( 1+ ^/ 2 £ w s e c}, 

which is a Borel subset of . Then we set 

/u„(C) = v n ,i(B c ), 

which defines a measure on f2. By (|3.3() . I|3.4|l . the measures ^„ obey the following 
recursion relation 

(3.11) ,i„(dc) = ^-exp^llwH^/i^^+^dw), 

(3.12) ^o(d^) - — exp(-£:o, s H)x(dcj), 

where || • \\e is the norm in the Hilbert space £ = L 2 (Ip) : the function Eq jS is given 
by (|3.4(l . Z„, i! £ N are normalizing constants and * stands for convolution. For 
obvious reasons, we drop the labels I and s. Like the measure %, all /i„, n £ No can 
be considered either as measures on the Hilbert space £ concentrated on its subset 
il, or as measures on the Banach space fi. We have 

(3.13) r%£(Ti,...,T2k) = / w(n)---o;(T2fe)At n (dw), 

Jn 

and the function l|1.7(l may be written in the form 
(3.14) 

<fn\x) d = <p n {x)= I exp((x, uj) £ )fi n (duj) = / exp((x, w) £ )/i n (dw), a; <E £, 
Js Jn 

where (-,-)s is the scalar product in £. Expanding its logarithm into the series (|1.8|) 
we obtain the Ursell functions (c.f., I |2.17f l) 

(3.15) U*f A *"(T U ...,T 2k ) d ^ U&Hn,...,^), keN. 

Correspondingly, the numbers l|l.ll|) obtained from these functions are denoted by 

(n) (n) 

U\k ■ Each function U\ k can be written as a polynomial of the Matsubara functions 
s = 1, 2, . . . , k and vice versa. In particular, 

(3.16) ujr\Tun) = rW( n ,r 2 ), 

Ut\r u ...,n) = r^(r 1 ,...,r A )-r^(n,T 2 )r^(r 3 ,r A ) 

r^(r 1 ,r 3 )r^(r 2 ,r 4 )-r^(r 1 ,r 4 )r^(r 2 ,r 3 ). 

In view of l|2.14|l . the Matsubara and Ursell functions depend only on the periodic 
distances between Tj, i.e., on |r, — Tj\p — min{|ri — Tj\,f3 — |r, — Tj\}. 

The proof of Theorem 12. 21 is based on inequalities for the Matsubara and Ursell 
functions, which we obtain by means of the lattice approximation method. Its 
main idea is to construct sequences of probability measures, concentrated on finite 
dimensional subspaces of O n> ;, which converge to the Euclidean measures v n> i in 
such a way that the integrals l|3.1ll are the limits of the corresponding integrals taken 
with such approximating measures. Then the latter integrals are being rewritten 
as moments of Gibbs measures of classical ferromagnetic models, for which one has 
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a number of useful inequalities. In such a way, these inequalities are transferred to 
the Matsubara and Ursell functions. A detailed description of this method is given 
in Section 5 of 0. Here we provide a short explanation of its main elements. Given 
N = 2L, L e N, set 



(3.17) 

and 
(3.18) 



5' 



JV 



AW 
g 



E 



2NY 

t) 



JL 

2N 
2tt 



Af»P„ Q N = {q=jK\ K = -(L-l),...,L}, 



where the projectors P q are the same as in (|3.8ll . Now let \n be the Gaussian 
measure on £ with the covariance operator Sjy. Let also X^i ^ e defined by (|3.5|) 

with xn instead of x- By means of Xnl > we define v^i via (|3.3I) . Then by Theorem 
5.1 of El, one has 



(3.19) / Q n ,i{u n ,i{Ti)) ■ ■ ■ Q„,i(w„,i(r 2 fe))^ ) (da;„ i i) — > r^™ ; (n, . . . ,r 2fe ), 



->(")/ 



pointwise on as N — > +oo. On the other hand, one can write 
(3.20) LHSESJ = C 2jWV (Sti-'-St**)' 



where C2k,N > is a constant and (•) stands for the expectation with respect to 
the local Gibbs measure on B^O = f A n j x {1, 2, . . . , N} of a ferromagnetic model 
with the one dimensional c/> 4 single-spin distribution. This type of single-spin dis- 
tribution is determined by our choice of the potential energy in (|l.ll) , whereas the 
ferromagneticity is due to the fact that J > (see (|1.5|) and due to our choice of 
the numbers (|3.17() . The sum in l|3.20|l is taken over the vectors tj — (£j,£^), 
j = 1, ... ,2k as follows. Their first components run through A n j and the second 
components are fixed at certain values from the set {1, . . . , N}, determined by the 
corresponding Tj. Furthermore, the above expectations (•) can be approximated by 
expectations with respect to the ferromagnetic Ising model (classical Ising approx- 



imation |5S1|5S]). Then the functions and U 2 2 obey the inequalities which 
the moments and semi-invariants of the ferromagnetic Ising model do obey. In 
particular, we have the following. 



Lemma 3.3. For all n E 

of the arguments r, r , t\ , . 



(3.21) 



and fceN, the following estimates hold for all values 

■ , T~2k € 1p, 

An), 



' 2 f/i" ) (r,T,r 1 ,r 2 )dT 1 dT 2 < / C/f >(t, t' , n, r 2 )dr 1 dr 2 ; 



(3.22) (-l) k - l U^(r u r 2 ,...,T 2k )>Q. 

Proof. For classical models with unbounded spins and polynomial anharmonicity 
of the Ellis-Monroe type (for </> 4 -models, in particular), (|3.21|) was proved in 
For the Ising model, the sign rule l|3.22[) was proved in [21]. □ □ 
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Lemma 3.4. For all n, I E No, the function 

(3.23) f n (z) = J exp ^z J Q„,i(w„j(r))dr^ v n ,l{^n,l) 

( fP \ 

exp z I oj(r)dr fi n (du>), 

can be analytically continued to an even entire function of order less than two, 
possessing purely imaginary zeros. 

Proof. For the function (|3.23|) . one can construct the lattice approximation (c.f., 




(3.24) fi N \z) = (exp 



which converges, as N — ► +oo, to /„(z) for every z e K. For such /A , the 
property stated is known as the generalized Lee- Yang theorem JHl- The functions 
fh are ridge (crested), with the ridge being the real axis. For sequences of such 
functions, their pointwise convergence on the ridge implies via the Vitali theorem 
(see e.g., Proposition VIII. 19 in 26 ) the uniform convergence on compact subsets 
of C, which by the Hurwitz theorem (see e.g., J0|) gives the desired property of 

f n .a □ 

Set 

(3.25) u n (q) = / C/ 2 ( " ) (T',r)cos( g r)dT, 



/ C/ 2 ( ™ ) (0, r) cos(<jr)dT, q E Q, n E N . 
Jo 



Then 

(3.26) U^\ Tl ,r 2 ) = \Y, fin(g)«»[g(Ti - r 2 )]. 
Furthermore, we set (c.f., 

(3.27) = ( u£\t u . . . , r 2fe )dn • ■ ■ dr 2fc . 
Then 

(3.28) u n (0) = u n d = /T 1 ^ = /T 1 ^'^". 

Lemma 3.5. For every n E No and q E Q, u n {q) is a continuous function of [3, it 
obeys the following estimates 

(3.29) < u n (q) < u n ; 

-nS 

(3.30) U n (q) < r , q t 0. 
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Proof. By (TH5|) . l|3~Tfi|) . (fTTTj) and {2H31>, one obtains 
1 

Z n ,i 



f7 2 (n) (0,T) = — — trace {Q„ ! ;exp[-ri?„ i i]Q„ i; exp[-(/3-r)i?„j]}. 



It may be shown that every fln,i has a pure point spectrum {^"'jpeNn ■ We denote 
the corresponding eigenfunctions by and set 

Then the above representation may be rewritten 

uf\o,r) = ^- £ iQW'expL^W+r^)-^) 

P,p'SMo 

which yields via 1(3. 25|) 



(3.31) u n (q) = ^ E 



"'' P,P'GN 



2 4 n) - 4 n ) 



g2 + ( 4»)_£:Cn) )S 

x (exph/Ji^] - exp[-/3EW]) , 



p6N 

Both series above converge uniformly, as functions of /3, on compact subsets of 
(0, +oo), which yields continuity and positivity. The upper bound 13.29(1 follows 
from ((3.31|) or from ((3.25|) . To prove l(3.3L)(l . we estimate the denominator in ((3.31|) 
from below by q 2 ^ and obtain 

flnfe) < ^ E \Q& 2 (4 n) ~ E?) (eM-pE^} - exph/34")]) 
Pip' 

(3.32) = \-J—tra,ce{[Q n i,[H ni i,Q n i]}exp(-0H n i)}, q ^ 0. 

By means of 1(2. 5|l and 11.2(1 . the double commutator in ((3.32(1 may be computed 
explicitly It equals to |A„.;p d /m, which yields 1(3.30(1 . □ □ 

Lemma 3.6. The numbers U^k defined by |ff.ff7| ) obey the estimates (c.f., \1. lb)) ) 

(3.33) \U$\ < 2 1 - k (2k-l)\(l3u n )\ k € N, 

(3-34) \U%>\ < ^^{f3u n )^\ut\ k>2. 

Proof. The function 13.2311 is the same as in 1(1.12(1 . hence, it possesses the represen- 
tation ((1.13|) and = U 2k ' "'' are gi ven by the right-hand side of ((1.14|) . Then 
the estimates ((3.33() . ((3.34(1 immediately follow from 1(1.16(1 . □ □ 

4. Proof of the Theorem 

Set 

(4.1) X n = - [ C/i" ) (r,T,T 1 ,r 2 )dT 1 dT 2 . 
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Then by Lemma 13.31 one has 

(4.2) < /3' 



-2 



< X n , for all n G N , 



thus, we may control the sequence {W^'jngMo by controlling {X„} ne N - 

Lemma 4.1. For the model fl.l]) with 8 £ (0, 1/2), one can choose the parameters 
a, b and m in such a way that there will exist f3* > 0, dependent on a, b, m, with the 
following properties: (a) for (3 < {3*, {X n } neNo -> 0; (b) for (3 = [3*, {u n } n£ n a -> 1; 
for (3 < [3*, there exists K(f3) > such that for all n £E No, 

(4.3) u n < K{(3)K- nS . 

The proof of this lemma will be given in the concluding section of the article. 
Lemmas 13 . 51 and 14. II have two important corollaries. 

Corollary 4.2. For every f3 < /3* and k € N, the sequences {rfc } n eNo> {Pzk }»SN 
are relatively compact in the topology of uniform convergence on T^ k . 

Proof. Since the Ursell functions may be expressed as polynomials of if with 
s = 1, . . . , k and vice versa, it is enough to prove this statement for the Matsubara 
functions only. By Ascoli's theorem (see e.g., |5J p. 72) we have to show that 
the sequence {if } n eN is pointwise bounded and equicontinuous. By Ij3.30|l and 
(EH, 

1 . K~ n5 ^ 1 



(4-4) if (r,r') < if (0,0) < -u n + ^— £ 



(3 " ' /3m ^ f a 2 ' 



For (3 < [3*, the sequence {M n }neN is bounded by Lemma IPl Together with the 

2k on x /3 



Gaussian upper bound 1|3.1U|) this yields the uniform boundedness of if on X2 fc 



Further, by jXT3fl 

(4.5) rW(T lr ..,r 2fc )-rW(^..,^) 

2jcj(n) • • • w(ti-i) [w(tj) - w(t5;)] • • •Cj(l9 2 fc)M«(dw). 

Applying here the Schwarz inequality (as to the scalar product in L 2 (£,/j, n ) of 
[u){ti) — w(i3i)] and the rest of u>), the Gaussian upper bound (|3.1U|) and the left- 
hand inequality in l|4.4|) one gets 

(4.6) ir^Cn,...,^)-^^,...,^)! 2 

Wfnrt q\\ 8fc 2 (4fc-2)! / (n) ^^-i 



< (r-(o,o)-r-(r,i?)j • (2 -' 1) , 2 - 1 (r-(o,o) 

where (r, d) is chosen amongst the pairs (r/, i?/), I = 1, ... ,2k to obey |r — i9|/ 
max, |r ; - 1%. But by ijg^l . 

if (0,0)-lfM) = |^n„( g ){sin[(g/2)(r-^]} 2 

^ 2 ^T E ? {sin[(<z/2)(r-i?)]} 2 



?£S\{o} 



< 
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with an appropriate C > 0. □ □ 

The next fact follows immediately from (|3.3U|) and 13.71) . 
Corollary 4.3. For every fi, 

^ fln(g) — ► 0, n — > +oo. 

<JG<2\{0} 

Proof o/ Theorem\^£ By Lemma Ol (l3~3U) . and jO} , (|4~2jl . one obtains that 
for all k > 2 and /3 < /3*, {W^neNo -> °- Then b y the si S n rule E2D, f or all 
fc > 2, the sequences {U2i?}neTiQ converge to zero for almost all (ri, . . . , T2k) € ^g fc ; 
which, by Corollary 14.21 yields their uniform convergence to zero. By ()3.26[) - 
(|3.30fl . Corollary 14 . 31 and Lemma T4. II one has for /? = /?», 

(4.7) U^ n \n,r 2 ) = U n + ^ <(q)coB[q(n-T*)]^>l/0*, 
P P ?ee\M 

uniformly on 21. Now one can express each polynomially by with I = 
1, . . . , k and obtain the convergence H2.18fl for /3 = [3*. For /3 < /3*, we have the 
estimate (14.31) . which yields (c.f., (|4.4l0 



(4.8) r? /J ' Aw ' , (r,r')<r5 ,,/S,A "' , (0 > 0) < 



m ^ q 2 



hence ' P ' An ' 1 (r, r') -» as n — > +oo, uniformly on 2|. The convergence of the 

Matsubara functions T^jf'^"' 1 w ith k > 2 follows from the Gaussian upper bound 
(|3~TU|) . □ 

5. Proof of Lemma |4~T1 

Set 

(5-1) o» = - * - _ , we^a-x-*)" 1 ). 

1 — (1 — X °)u 

and 

(5.2) 0(„) = x 25 - 1 [o»] 4 , </;(«) - J^^C 1 ~ *~') i a ( y )f ■ 
Lemma 5.1. Given n £ N, /ei i/ie condition 

(5.3) u^U - < 1, 
6e satisfied. Then the following inequalities hold: 

(5.4) u n < a (u„,-l) Un-V, 

(5.5) u n > a (u„_i) - 7/)(u„_ 1 )X n _i; 

(5.6) < X n < 0(fi„_i)JC n _i; 

where cr(v), tp(v), <p(v) and X n are defined by fj.ij) . if5.il)) and j^. 7p respectively. 
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Proof. For t £ [0, 0], 9 = X s - 1, x £ £ and n £ N, we set (c.f., RTTty ) 
(5.7) ^(aslt) = ^exp (%,c) £ + ^-i (* (1+S)/2 cL;) 

where Z„ is the same as in (|3.11|) . Then 



<p n {x\Q) = ip n (x), ip n (x\0) = Z n 1 



(5.8) 

For every t £ [0, 9], the function (|5.7|l can be expanded in the series 11. 7|) with the 
coefficients 

^ ) (r 1 ,...,r 2 fc|t) = ^^w(Ti)---cj(r 2fe )exp 
(5.9) x (x(Wdo;)) , 

which, by i|3.13[l . coincide with the corresponding Matsubara functions for t = 9. 
For every fixed (t%, . . . , r 2 k) £ Ig fe , as functions of t they are differentiable at any 
t £ (0, 9) and continuous on [0, 9}. The corresponding derivatives are obtained from 
(Oil 

(5.10) 



Of 



(n)/ i.\ def ■ (n) / i.\ 

ip { 2k '{T 1 ,...,T2k\t') = if y 2k '(T 1 ,... 1 T2k\t) 



1 



Now we write log <p n (x\t) in the form of the series (|1.8f) and obtain the Ursell 
function u^. (tl, . . . , r 2 u\t). The derivatives of these functions with respect to t are 
being calculated from (|5.10|l . In particular, this yields 



(5.11) 



(5.12) 



u 2 n \n,T 2 \t) = 



\ [ 4" ) ( n ,r 2 ,r,r|t)dr+ f u 2 n \r 1 ,T\t)u 2 n \r 2 ,T\t)dT-, 
1 Jo Jo 



"4 n) ( r l: r 2> T 3,'>4|£) 



Then for 
(5.13) 



= 2J M 6 ( T l> r 2> T '3,'^4,T,T|^)dT + 
/■,^ 

+ / U^(T 1 ,T 2 ,T 3 ,T\t)u 2 n \T 4: ,T\t)dT + 

Jo 

r/3 

+ / U < ^\T 1 ,T 2l T4,T\t)u 2 n) {T 3 ,T\t)dT + 

Jo 

+ / U4™ ) (Ti,r 3 ,T4,r|i)u 2 ™ ) (r2,T|t)dT + 
Jo 

r/3 

+ / H'(T 2 ,T 3 ,T 4l ,T\t)u 2 n \T 1 ,T\t)dT. 

Jo 

v n {t) = f f u 2 n) (T U T 2 \t)dT 2 = [ P u 2 n \0,r\t)dr, 
Jo Jo 
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we obtain the following system of equations 

(5.14) v n {t) = \u(i) + [v n {t)f, 

(5.15) U(t) = ^V(t) + 2v n (t)U(t) + 



-2 / U^ l \T 2 ,T 3 \t)u < f\0,T 1 ,T 2 ,T 3 \t)dTidT2dT 3 



subject to the initial conditions (see (J^2l) 

(5.16) v n (0) = x- s u n - ly 

r/3 

UiO)^*- 26 - 1 / U ( i l \0,T 1 ,T 2 ,T 2 \t)dT 1 dT 2 =-X- 2S - 1 X n - 1 . 

Jo 

Here 

(5.17) U(t) d = / 4 n) (0,n,T 2 ,r 2 |t)dridr 2 = 

= / M^ n) (T,T,Ti,r 2 |t)dridT2, 
V{t) d = / u^ n) (0,ri,T 2 ,r 2 ,r3,T3|t)dTidr 2 dr3. 

H 

Along with the problem l|5.14|l . (|5.16|) we consider the following one 

(5.18) y{t) = [y(t)] 2 , y(0) = v n (0) = x^-i- 
Under the condition l|5.3|l it has a solution 

(5.19) y(t) = — bu _ n ~ X = <j((t/0)u n ^)u n ^, te[0,6]. 

1 — tx U n -i 

The sign rule ^Hty is valid for the above for all t € [0, 9} , which yields U(t) < 0, 
V(t) > 0. Therefore, the solution of (|5.14|) will be dominated 4 by l|5.19|l . i.e., 

u n = v n (9) < y(0) = cr(u„_i)w„_i, 

that gives (|5.4|l . Further, with the help of H3.21L (|3.22|) the third term on the 
right-hand side of 15.15fl may be estimated as follows 



2 



u ( 2 n \T 2 ,T 3 \t) (p- 1 ui n) (r,Ti,7a,7a|i)drdn^ dr 2 dr 3 > 
J ^ 4" ) (T I T i,7- 2 ,r 2 |i)drdri^ x 



> 2 



x / u { 2 n \r 2 ,T 3 \t)dT 2 dT 3 ^2v n (t)U(t). 



Applying this in (|5.15l) we arrive at (recall that U(t) < and V(t) > 0) 

|| < m . 

U(t) 1 — <x "u„ 



(5.20) 77^ <4yW = / ,„_?-• ■ V<e t°' 



4 A detailed presentation of methods based on differential inequalities are given in 1311 . 
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U(0) 



[1 - tx S U n -l] 



Integrating one gets 

(5.21) U{t) > 

which yields in turn 

U{6) = -X n > ~^- x [u{u n -i)] i X n ^ 
that gives 15.6|l . Now we set 



Vt e [0,6>], 



{.Un-i)X n _u 



h(t) = 



1 



[1 + tx s ii n -i 



H 5 U n -l 



where t £ [0, t max ], ^max = dx 8 &{u n ~i)- For this function, we obtain from (|5.14|) 
the following equation 



(5.22) 



h(t) 



1 



rU 



t 



subject to the boundary conditions 



[h{t)]\ 



(5.23) 



h(0) = 0, h(t max ) = [1 - , 



>x s u n -i] 



[v n {9) - ct(m„_i)u„_ 



By means of H5.20|l . one may show that the first term on the right-hand side of 
(I5.22|) is a monotone increasing function of t £ [0,i max ], which yields 

Mw) - Ho) > WC/(0)/2. 

Taking into account l|5.23[l and i|5.16[l one obtains from the latter 
V n (6) - cr(u n _i)u„_i = U n - a(u n -i)u n -l > 



> 



--(l-X- 5 )^-!)] 3 ^ 24 - 1 ^-!, 



that gives l|5.5|l . □ 



□ 



Now we prove a statement, which will allow us to control the initial elements in 
the sequences {u n }, {X n }, i.e., uq and Xq. Set 

(5.24) 



V = v(P,m,a,b) = qpmAQi) = / K )] Mo(<M- 
From now on we suppose that a < 0. Set also 
(5.25) /(i) = t" 1 (l - e"*) . 

Lemma 5.2. The following estimates hold 

0\a 



(5 26) m.f(m 

y ' 12b J \m\a\J 



< uq < min < (3rj 



1 + v/l + (16fe//3|a|) 



(5.27) 



X Q < Albu, 



f 



3/36 



ma 



Proof. By the equations (8.81), (8.82) of we get 

(3 



(5.28) 



4m?7 



< Uq. 



As in EH, 

we use the Bogolyubov inequality 

{AA* + A* A} ■ ePtAoil {[C*, [H,C]]} > \g^ AoA {[C*, A]}\ 2 . 
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in which we set A to be the identity operator, C = pi, H — Hq,i, and obtain 

lol 



(5.29) 



V > 



12b' 



It is not difficult to show that the left-hand side of l|5.28[) is an increasing function of 
77; hence, by l|5.29|l one gets the lower bound in l|5.26|l . The upper bound uo < fir\, 
follows from the estimate Ij4.2|l (positivity), (j3.29|l and the definition (|5.24|l . One 
can show (see subsection 4.2 of jH] and subsection 3.2 of |BJ) that the measure /Jo 
is quasi-invariant with respect to the shifts uj 1— > u> + te q , t 6 R, q € Q, where e q is 
given by (|3.6I) . Its logarithmic derivative b q in the direction e q is 



(5.30) 



46 



,(r)[a;(r)] 3 dr. 



This derivative is used in the integration-by-parts formula 



(5.31) 
where 

and / : 
(5.32) 



<9,j/(w)/xo(dw) = / /(w)b g (w)/x (dw), 



d q f(cj) ^ [(d/dt)f(u; + te q )} t=0 . 
can be taken 



f(u>) = / e 9 (T)cj(r)dr. 



We apply l|5.31|l with q = to the function 15.32f> . also with q — 0, and obtain 
(5.33) i = -\ a \u Q + ^[ r (0) (T)T)r y )cW . 

By the GKS-inequality (see Theorem 6.2 in |S]), 

rf (r,r,r,r')>r( 0) (r,r)r( 0) (r,r'), 

by which and by the estimate uq < /3?7, we have in 15.33fl 

1 > -\a\u + Abr/ita > -\a\u + 46/3 _1 Wq, 

that is equivalent to the second upper bound in (|5.2(i|) . 

By means of the lattice approximation technique and the estimate (3.15) of |13j . 
one gets 

-[/i 0) (Ti,T 2 ,T 3 ,T 4 ) < 4\b f ui \T 1 ,r)U^(T 2 ,r)U^(r 3 ,T)U^(T i ,r)dT, 

Jo 

which yields 





X < 4!&fig / U^"(t,t') At' < 4Ml/3ri 

-1 



/ 



r (0) 


4m?7 



where we have used the upper bound for j3rj obtained from l|5.28|l . For / given by 
(|5.25|l . one can show that l//(i) is an increasing function of t. Then the estimate 
(I5.27|l is obtained from the above one by means of l|5.29|l . □ □ 
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Let us return to the functions Q5.1[l . (|5.2|l . Recall that we suppose 5 E (0, 1/2). 
Given e € (0, (1 — 2<5)/4), we define v(e) by the condition cr(i>(e)) = x e . An easy 
calculation yields 

k & - x- c 1 - 

(5.34) w(c) = , - = 1 



H d - 1 X* - 1 

Then 

(5.35) ^(v)< x 2 ^ 4 '- 1 < 1, forvG [l,«(e)]. 
Furthermore, we set 

(5.36) ■W-^ ^-ff' 1 . 



(5.37) 



sup w(e). 

e€(0,(l-2«)/4) 



The function e i— > w(e) is continuous, then for every to < w max , one finds e € 
(0, (1 — 2(5) / 4) such that w < w(e). Set v = v(e) and w = w(e). Therefore, for this 
w, one has 



(5.38) 



-ip(v)w + va(v) > v, for u G [1, u]. 



Lemma 5.3. The parameters m > 0, a G M and 6 > may &e chosen in such a way 
that there will exist e G (0, (1 — 25) /4) and £/ie numbers O , < /3^~ < < +oo 
wii/j £/ie following properties: (a) uq — 1 /or /3 = /3q~ and ito < 1 for < 0q ; (b) 
uq = v ~ v(e) for = + and uo < v for < + ; (c) Xq < w — w(e) for all 

Proof. Let us fix 7 = \a\/b. Then by (|5.26() and l|5.25|l . one has 



(5.39) 



m7 
~36~ 



1 W 

1 — exp 

m7 



1 16 

1+ s 



which immediately yields no — > as — > 0. On the other hand, by taking 1T17 2 > 
36w, one gets uo > v for sufficiently large 0. Since by Lemma f3. 51 uq depends on 
(3 continuously, this means that 0q, such that (3$ < 0q, do exist. For fixed 7 and 
m, the multiplier [f(30/m-f)]~ 1 in l|5.27|l is bounded as f3 G (0,(3q}. Recall, that 
uq < v for such f3. Then, keeping 7 fixed, we pick up b such that the right-hand 
side of 15.27JI will be less than w. □ 

□ 



Lemma 5.4. Let 3 n , n G No, be the triple of statements (i^,i^,i^), where 

i* = {3/3+ G [/3 ~,/3 + ] : u n = v, = + ; u n <v,\/0< 0+}; 
\\ = {3(3- G [/3 -,/3 +] : u„ = 1, = 0~; u n <1,V0< 0'}; 
xl = {V/3G (0,0+) : X„<«)}. 

TTien (i) 3q is true; (ii) 3 n _i implies J n . 
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Proof. 3q is true by Lemma 15.31 For /3 = o~(u n ) = x 5 and a(u n ) < X s for 
/3 < (3+ (see ijiOl . l|535)ll. Set /3 = /3+_ 1; then JOSJl, and yield 

(5.40) > **« [l-^-^+^x 5 -!)^] =v. 

v - 

For /3 = (3~_ 1 , the estimate (|5.4f) gives 

(5.41) u n < 1. 

Taking into account Lemma 13.51 (continuity) and the estimates (|5.40|l , (|5.41() , one 

concludes that there exists at least one value /3+ G (Pn-n Pn-i) sucn that u n =V. 
Then we put /3+ = min /3+ . The mentioned continuity of u n yields also u n < v for 
(3 < /3+. Thus is true. The existence of (3~ G [Pn-xiPn-x) can proven in the 
same way. For /3„_ l5 we have er(u„_i) < x: e , which yields 

(5.42) X„ < x 25 - 1 x ie : X n _i < X n _i < ti), 
hence, is true as well. The proof is concluded by remarking that 
(5-43) [/?",/?+] c [(3~_ 1 ,(3+_ 1 ) C (3+}. 

□ □ 

Lemma 5.5. There exists /3* G [/3o~>A)~] suc/i t/ia£, /or (3 = (3*, the following 
estimates hold for all n G No : 

(5.44) 1 < ii n < v. 

For /?</?» , the above upper estimate, as well as the estimate ^- hold. 

Proof. Consider the set A„ ^ f {[3 G (0,/3+) | 1 < u n < v}. Just above we have 
shown that it is nonempty and A„ C (/3~,/3+). Let us prove that A„ C A„_i. 
Suppose there exists some (3 G A„, which does not belong to A n _i. For this (3, 
either w n _i < 1 or u rl _i > v. Hence, either u n < 1 or u n > v (it can be proven 
as above), which is in conflict with the assumption (3 G A„. Now let D n be the 
closure of A„, then one has 

(5.45) D n = {(3e [f3-,[3+] | 1 < u n < v(S)}, 

which is a nonempty closed set. Furthermore, D n C D n _i C ••• c {(3$ ,(3q}. Set 
D* = f] n D n , then C [Po ,Pq] is also nonempty and closed. Now let us show 
that, for every [3 G D*, the sharp bounds in (|5.44() hold for all n G N. Suppose 
u n = v for some n G N. Then 15.40fl yields u m > v for all m > n, which means that 
this (3 does not belong to all D m , and hence to D*. Similarly one proves the lower 
bound by means of (|5.4|l . On the other hand, by means of the above arguments, 
one can conclude that [3 G -D* if the inequalities l|5.44|l hold for all n G No at this 
/3. Set & = mini}*. Then (|5~4l|) hol d for ( 3 = Let us prove (£0|). Take /?</?*. 
If U n > 1 for all n G N, then either l|5.44|l holds or there exists such no G N that 
u n<l — v - Therefore, either (3 G -D* or (3 > inf/3+. Both these cases contradict the 
assumption (3 < /3*. Thus, there exists uq G N such that u„ -i < 1 and hence 
u n < 1 for all n > rtQ. In what follows, the definition (|5.1|l and the estimate (|5.4|) 
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imply that the sequences {u n }n>n and {a(u n )}n>n are strictly decreasing. Then 
for all n > no, one has (see l|5.4|l ) 

u n < a(u n -i)u n -i < ... 

< cr(u„_i)o-(u„_ 2 ) • ■ ■ a(u na )u no < [<j{u no )] n ~ n ° . 

Since a(u no ) < 1, one gets J2^Lo u n < oo. Thus, 

oo 

n[i-(i-^R-i] _id -^o<oo. 

n=l 

Finally, we apply l|5.4|l once again and obtain 

Un < X- nff [l-(l-X-')u n _ 1 ]" 1 ...[l-(l-X- 4 )fi ]" 1 fio 

□ □ 

Proof of Lemma \4.1\ The existence of /3* has been proven in Lemma 15.51 Consider 
the case /3 = /3* where the estimates (|5.44ll hold. First we show that X n — > 0. 
Making use of l|5.6|) we obtain 

< X n < x 26 - 1 [cr(u„_i)] 4 X„_i < X n -x < X n - 2 < ■■■ < w. 

Therefore, the sequence {X n } is strictly decreasing and bounded, hence, it con- 
verges and its limit, say X*, obeys the condition X* < Xq < w. Assume that 
X* > 0. Then 1(5. 6[) yields a(u n ) — > x e hence u n — > Uoo > v. Passing to the limit 
n — > oo in l|5.5|l one obtains X* > w which contradicts the above condition. Thus 
X* = 0. To show u n 1 we set 

(5.46) S„ = -1(1 - k- s ) [a(u n ^)f >? & - Y X n ^. 
Combining (|5.4() and 15.5(1 we obtain 

(5.47) > u n ~ cr(w n _ 1 )M„_ 1 > E n -> 0. 

For /3 = we have {fi„} C [1, v) in view of Lemma 1531 By (|5.47|) all its accumu- 
lation points in <E ought to solve the equation 

u — a(u)u = 0. 

There is only one such point: u* = 1, which hence is the limit of the whole sequence 
{fi n }- For /?</?*, the estimate (|4.3[) has been already proven in Lemma f5. 51 This 
yields cr(u n ) — > x~ s , which implies X n — > if l|5.6(l is taken into account. 
□ 
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